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Analytical Model of High-Pressure Burning Rates
in a Transient Environment

Norman S. Cohen* and Leon D. Strandt
Jet Propulsion Laboratory, Pasadena, Calif.

A transient ballistics and combustion model is derived to represent the closed vessel experiment that is widely
used to characterize the high-pressure burning rates of solid propellants. The model is applied to show that
burning rates deduced from the closed vessel should agree with those measured from an equilibrium strand
burner. Thermal profile time lag effects become small at high pressure because the burning rates become high.
However, the burning surface structure of those nitramine propellants which exhibit shifts in pressure exponent
leads to an anomaly. It is necessary to consider this mechanism in applications dealing with high pressures and
pressurization rates.
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Nomenclature
= propellant burn surface area, ideal geometry
= surface area of closed vessel wall exposed to

heating
= propellant heat capacity
= gas heat capacity
= activation energy for propellant decom-

position
= igniter heat flux, an arbitrary constant
= depth of surface cratering in nitramine

propellants
= propellant thermal conductivity
= mass of gas in the closed vessel
= burning rate pressure exponent
= pressure
= rate of change of pressure
= gas phase heat of combustion
= propellant heat of decomposition
= rate of heat loss to closed vessel wall
= steady-state burning rate at P
= regression rate of binder
= steady-state post-break-point burn rate at P
= instantaneous propellant burn rate
= critical burn rate at the exponent break point
= steady-state pre-break-point rate at P
= regression rate of nitramine
= gas constant
= universal gas constant
= fraction of exposed nitramine surface on a

planar melt surface
= fraction of exposed nitramine surface on a

cratered surface
= value of Sox associated with fF
= time
= temperature
= propellant adiabatic flame temperature
= instantaneous gas temperature in the closed

vessel
= initial (ambient) temperature
= instantaneous propellant surface temperature
= steady-state propellant surface temperature

associated with f
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Tw = closed vessel wall temperature
V = instantaneous gas volume in the closed vessel
w = propellant web
x = distance from propellant surface into

propellant
e = radiation emissivity of gas
r/ = co volume
7 = ratio of specific heats
AC = propellant thermal dif fusivity
p = propellant density
a = Stefan-Boltzmann constant
| = steady-state flame height associated with f

and P (dimensionless)

Introduction

N ITRAMINE propellants are of interest for armament
and rocket applications because they are an energetic

source of combustion products of reduced flame temperature
and smoke. Studies in recent years have been devoted to
understanding and improving the steady-state combustion
characteristics of nitramine propellants, with emphasis upon
burning rate control and avoidance of pressure exponent
shifts.1"4 Interest also exists in the time-dependent com-
bustion to the extent that applications encounter high rates of
pressure change.5'6 A question arises as to the effect of a
transient pressure environment on the burning of propellants
which exhibit exponent shifts, or to what extent a given
transient device could tolerate propellants which exhibit
exponent shifts.7'8 This question is addressed in part by the
closed vessel (or closed bomb) experiment that is widely used
to deduce the high-pressure burning rates of propellants.9

There has been ongoing work to compare those deduced
burning rates with rates measured in an equilibrium strand
burner.1(M5 The interest and the experimental results
stimulated the analytical work presented in this paper.

Data Synopsis
In the case of homogeneous propellants (unfilled single-

based or double-based propellants), there appears to be a
general agreement between burning rates as deduced from a
closed vessel (transient pressure) and measured from a strand
burner (constant pressure). Such was the conclusion of
Grollman13 in a fairly extensive study. Mitchell14 showed a
virtual identity between the closed vessel and strand data,
whereas Lenchitz11 reported the types of small differences
published by Grollman. These are typified here by Fig. la. On
the other hand, there is a significant and consistent difference
between closed vessel and strand burning rates in the case of
propellants containing HMX which exhibit exponent shifts in
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Fig. 1 Typical comparisons of closed vessel and strand burning
rates: a) homogeneous propellant, b) nitramine composite propellant.

the strand burner.10'12 This difference is typified by Fig. Ib.
Over the range of pressures reported, the closed vessel data
exhibit a more uniform and higher pressure exponent; burn-
ing rates appear lower at lower pressures and higher at higher
pressures.

Analytical Model
The analytical model for transient combustion is based

upon burning surface and flame mechanisms contained within
the steady-state model,! coupled to a thermal wave relaxation
model for a homogeneous solid.16

Basic Equations for Thermal Wave Relaxation
Instantaneous burning rate is related to a reference or

steady-state value by means of an Arrhenius equation for
surface decomposition:

(1)

f is known from strand data or the steady-state model. Ts is
that value from the steady-state model associated with f. The
instantaneous surface temperature is calculated from the
time-dependent Fourier equation:

dT 82T dT
(2)

The initial and in-depth boundary conditions for Eq. (2) are:

T(x,0) = T0 (3a)

(3b)

The surface boundary condition is determined from an energy
balance based upon the steady-state model.1 Here, the
analysis departs from the models used earlier. 16~18 The surface
energy balance is:

K9- +PriQs=priQFexv(-t) +/«*

The second term on the right-hand side represents an igniter
heat flux to get the burning under way. It is assumed to be a
known quantity. An ignition system per se is not included in
the model. The first term on the right-hand side is the heat
feedback from the flame. Gas phase processes are assumed to
respond in a quasisteady manner. Only one flame is used
here—the monopropellant flame. In trie case of inert binder
nitramine propellants, the diffusion flame becomes unim-
portant at the high pressures of interest.l In the case of active
binder propellants, the diffusion flame is taken to be absent
because of ingredient stoichiometry.2 QF is eliminated by the
surface energy balance in steady-state:

pcr( fs - T0 ) +pfQs =

Combining these equations, and recognizing that £ is
proportional to r2 at a given pressure, 19 there results:

kd£(0,t)=fex(+pri{[c(fs-T0)+Qs] e^-^-Qs}

(3c)

The value of £ is inferred from an overall energy balance:

QF = cgTF-cT0+Qs

Eliminating QF once again, there results:

!-, \^(TF-T0)+Qs+(cg-c)T0-T0)+Qs+(cg-c)T0-\
c(Ts-T0)+Qs \ (4)

The parameters cg and TF are functions of pressure, which are
accounted for. The foregoing constitute a system of equations
for rit Ts, temperature gradient, and £, if pressure is known.

Closed Vessel Conservation Equations
The pressure variations are computed by a mass and energy

balance for the chamber:

-P-r. (5)

dmc
~dT

dV

dT. dmc Qw'c-jf=<T7>-r f )—- —

(6)

(7)

(8)

Equation (5) assumes a constant covolume for the equation of
state. The heat loss to the wall is given by: ,

(9)

The unsteady heat transfer in the wall may be solved in
analogous fashion to Eqs. (2) (with r, = Q) and (3), sub-
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stituting Eq. (9) for Eq. (3c) to describe the flux at the wall.
Equations (5-9) constitute five additional equations for P,

Tgr mc, V, and Qw. The overall system of nine equations is
sufficient for a homogeneous propellant. Additional
equations, to be presented subsequently, are required to
complete the description for nitramine propellants. These
equations are solved numerically by a forward difference
method.16 The instantaneous burning rate will differ from the
steady-state value at a given pressure to the extent that Ts
differs from Ts.

Surface Structure Effects in Nitramine Propellants
Additional equations enter into the system for nitramine

propellants because of the relationship of the surface
structure to the burning rate.1 It is assumed that the surface
structure will develop in three stages in the course of the
pressurization transient: 1) formation of the melt layer
following ignition, 2) disappearance of the melt layer when
the exponent shift or break point criterion1 is reached, and 3)
formation of the surface craters following disappearance of
the melt layer.

The melt layer will start to form as soon as TS = TM, the
melting point of the nitramine. It is expected that the location
of TM will move into the solid with time; TM is 551 K for
HMX, and computed steady-state surface temperatures are
circa 1000 K. The melt layer thickness, located by TM, is
monitored during this first stage. The second stage com-
mences when the critical burning rate1 is exceeded, ri>rm,
such that subsurface melting can no longer propagate. At this
time step, the endothermic heat of fusion component of Qs

 ] is
set to zero, and the existing melt layer thickness is allowed to
decompose away in accordance with the time integral of ri in
succeeding time steps. This stage is completed when the melt
layer has disappeared. The formation of craters during the
third stage necessitates additional relations.

From the steady-state model, it is known that the area
change from ( S O X / S 0 ) M to ( S O X / S 0 ) F is the essential
manifestation of the exponent break point wherein f jumps
from a value influenced by the binder to a value close to the
nitramine monopropellant rate.1 Therefore, in the course of
the break point transition, it may be assumed that f is
proportional to the change in ( S O X / S 0 ) . This assumption is
made in order to avoid jump discontinuities in the time-
dependent model, and to allow smooth (continuous) tran-
sition. Further, it is anticipated that the break point in the
time-dependent model need not occur at the same pressure as
in the steady-state model. That is, the pressures for rt > rm and
f>rm may be different. Thus, it is necessary to consider
values of f which extrapolate pre-break-point planar surface
rates (fM) to higher pressure, and post-break point cratered
surface rates (/>) to lower pressure. If the cratering actually
occurs at some different pressure than steady-state, a proper
value of f may still be used in accordance with the surface
existing at the time. Equation (1), as applied during this third
stage of surface development, then becomes:

depth h changes with time.l The variation of the penetration
depth with time is expressed as follows:

(10)

Relations for (SOX/S0)M, ( S O X / S 0 ) F , and rm are provided by
the steady-state model.1 The functions fM(P), r>(P), their
extrapolations, and the location of the break point in steady-
state may be acquired from steady-state model calculations or
examination of strand data. For transient calculations, the use
of strand data is preferred to avoid errors from the steady-
state model. Use of the steady-state model is limited to ob-
taining values of fs and ( S O X / S 0 ) F . The parameter (Sox/
S0)F changes with time because the cratering penetration

dh=(rox-rf)dt (11)

Relations for rox and /y are provided by the steady-state
model,1 and depend upon whether or not the binder is a
monopropellant.2

Model Results
Homogeneous Propellant Test Case

The homogeneous propellant test case selected for model
validation was "test propellant A" as specified by the
referenced JANNAF Workshop.15 Burning rates were
reported by six different laboratories for a given set of
specifications and closed vessel pressure-time data. However,
the identity of the propellant was not/disclosed and strand
burning rates were not given. In the absence of strand data,
the reported burning rates were used as baseline equilibrium
data for purposes of model application. The data were
reported over the pressure range 34-272 MPa. An average of
the results for the six laboratories was used at each pressure,
and an extrapolation was performed to complete the input
down to ambient pressure. Although these data are closed
vessel data, the model would still be useful to show the effect
of the closed vessel environment, if any. If such effect is
small, as expected, the model should reproduce these data as
well as the measured pressure-time curve.

The burning rate results are shown in Fig. 2. The solid line
represents the actual closed vessel data, except for pressures
below 34 MPa where it is an extrapolation. The model
prediction is represented by the circles. It is observed that the
prediction is very close to the line between 34 and 272 MPa,
indicating a very small effect of the transient environment.

An interesting undulation appears in the predicted results
between 27 and 82 MPa. Similar undulations have been noted
in previous analyses.18 The interpretation involves the
competing processes of surface heating and transpiration
cooling during the pressure rise,18 and the effect increases
with increasing Qs and decreasing f. The undulations dampen
as /-"increases.

The most interesting behavior appears at low pressure. The
very high initial burning rates are largely a consequence of the
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Fig. 2 Predicted effect of closed vessel environment on burning rate
of homogeneous propellant.
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Fig. 3 Comparison of predicted and experimental pressurization for
test corresponding to Fig. 2.

assumed igniter. If this arbitrary heat flux remains operative
during burning and is large compared to the combustion-
induced heat flux, the burning rate will be high. The igniter is
turned off at 6.8 MPa, and the burning rate immediately
drops because the transpiration cooling becomes excessive for
the remaining heat imposed. The burning rate climbs again
when the transient heating is re-established. Here, then, is a
second type of burning rate undulation. A third type (not
shown here) results from preignition thermal soak of the
propellant,16 or dynamic "overshoot" due to a sudden im-
posed compression.17 Thus, there are mechanistic bases for
low-pressure burning rate undulations, depending upon the
nature of the ignition process and developing combustion-
induced heating. These effects, although real, are undesirable
for purposes of closed vessel data acquisition and are lumped
into the area of uncertainties. As a result, burning rates
deduced from the closed vessel generally exclude results below
34 MPa. An accurate quantification of the low-pressure
behavior would require a model of the igniter.

Predicted pressure-time results are shown together with the
Workshop furnished data in Fig. 3. Time is measured from
ignition time rather than zero time to remove the differences
in ignition delay and afford a better visual comparison. Initial
pressurization is overpredicted because of the effect of the
assumed igniter. This also causes the predicted web to ad-
vance relative to the actual web at a given time and pressure.
The curves then merge and the prediction becomes very good
at the higher pressures. The pressure results are consistent
with the burning rate results.

Nitramine Propellant Test Case
The nitramine propellant test case selected for model

validation is the 92-/xm HMX propellant reported by
Lenchitz.11 Much of the required input information is
contained within that paper, including actual strand burning
rate data to serve as the equilibrium baseline. The paper also
reports the pressurization history for that test.

The burning rate results are shown in Fig. 4. Plotted are the
strand data (solid line), deduced closed vessel data (solid
circles), and the predicted actual (open circles) burning rates
in the closed vessel.

In the region below 14 MPa, much the same behavior
appears as was discussed for the homogeneous propellant; the
burning rate is first dominated by the behavior of the assumed
igniter and then drops when the igniter is turned off. Note,
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Fig. 4 Predicted and experimental effects of closed vessel en-
vironment on burning rate of nitramine propellant.

however, the appearance of a second burning rate undulation
just below 14 MPa. This is a consequence of a fourth
mechanism for undulation and will be unique to nitramine
propellants which exhibit an exponent shift. According to the
model, an exponent break point is being traversed, causing a
greater burning rate than can momentarily be sustained by the
combustion heating then in existence. The rate falls until
sufficient heating develops to resustain it. If the rate fell to the
extent that the surface melt layer would reform, then an
endotherm would reappear to drop the rate further; such a
process might appear as a fifth type of undulation. No data
were reported below 14 MPa, but the model results are not
expected to be accurate in that regime because the igniter is
not modeled.

The region between 14 and 68 MPa is interesting because it
shows how the predicted actual burning rates in the closed
vessel differ from equilibrium data. Basically, the post-break-
point surface structure cratering of the propellant is
developing gradually in the course of the transient in the
closed vessel. This continuous development lags the
equilibrium cratering at each discrete test-to-test pressure
level in the strand burner. At pressures above 68 MPa, the
predicted actual burning rates in the closed vessel approach
the equilibrium strand data as the surface structure becomes
more fully developed.

The predicted burn rate does not depart significantly from
the experimentally deduced burn rate until pressures are in
excess of 60 MPa. Over the range 20-60 MPa, the predictions
are generally on the low side, but agree rather well with the
data. Thus, it is concluded that the high (closed vessel) burn
rates at high pressure, relative to the strand data, are due
entirely to a surface area effect and not a transient burn rate
effect. A cratered surface structure can eventually lead to
grain breakup in small grains near burn-out, which would
provide increased area.

The predicted pressurization is compared with data in Fig.
5. Here, the data were reported as rate of change of pressure
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Fig. 5 Comparison of predicted and experimental pressurization for
test corresponding to Fig. 4.

vs pressure rather than as pressure vs time. This is a more
severe test of the model because a number of factors enter into
the rate pressure change at a given pressure. The prediction
falls below the data, which is consistent with the un-
derprediction of the mass generation rates, but the agreement
is rather good considering all of the factors involved.

Based upon the results of this effort and the steady-state
modeling effort, it would be expected that closed vessel
burning rates should agree with strand burning rates when the
HMX particle size is sufficiently fine that there is no surface
cratering. This is borne out by results with 4pt HMX.11 For
that propellant, there was no exponent shift and the closed
vessel rate agreed with the strand rates. On the other hand,
with a 45/i HMX propellant, a sharp exponent break appeared
in the strand data and the composite data plot was
qualitatively identical to Fig. 4.n

Conclusions
Burning rate data and model calculations indicate that, at

high pressures, thermal wave relaxation processes have but a
small effect upon burning rates under transient pressure
conditions encountered in the typical closed vessel ex-
periment. Thus, burning rates derived from the closed vessel
and equilibrium strand burner should substantially agree. In
nitramine propellants containing sufficiently coarse powder,
the development of a cratered surface structure will cause
apparent burning rates in a transient device to differ from the
actual rates near burn-out.

At low pressures, thermal wave relaxation pressures will
produce apparent anomalies such as nonlinear combustion
oscillations. Accurate description of the low-pressure interior
ballistics of a particular device will require a model of the
igniter because of the impact upon the transient pressure and
combustion energy balance.
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